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According to cosmological models based on general relativity, the universe is both expanding and
changing its shape as it becomes more inhomogeneous. But expansion itself is unobservable because
one can only measure angles and length ratios. Seeking to understand this mismatch, we have
found that actual expansion of space plays no dynamical role in general relativity. To demonstrate
this, we present from first principles a new theory, shape dynamics, in which the physical state is
defined solely by angles. We then show that its solutions correspond to the unquestionably physical
solutions of general relativity. In them, expansion is an emergent effect.
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The notion of length as such is problematic: measure-
ments always yield only local length ratios. However,
general relativity is based on Riemannian geometry, in
which length by itself is a property of space. This under-
lies the expansion of the universe in the models used in
cosmology. Despite their success, unease about the role
of length motivated repeated attempts to find alterna-
tive theories of gravity [1–4]. They all required a more
complicated structure than Einstein’s theory. Here we
present a theory with a simpler structure involving only
angles: shape dynamics. It retains the physical core of
Einstein’s theory, but in it expansion of space is a gauge
artefact that arises through the use of Riemannian ge-
ometry in calculations. This reinterpretation has major
implications for quantum gravity.

We use three spaces. Riem is the space of Riemannian
3-metrics g i j (x), i, j = 1, 2, 3, on some 3-manifold M
(closed without boundary). The six functions of x in
g i j (x) define the geometry and the coordinates on it. A
3-geometry has three degrees of freedom at each x and
infinitely many cordinatizations.

Superspace, the space of 3-geometries on M, is the
quotient of Riem by 3-diffeomorphisms, which eliminate
redundant coordinate information. In its turn, a 3-
geometry contains information of two kinds: the confor-
mal 3-geometry (two degrees of freedom), which describes
angle measurements, and the local scale factor.

Conformal Superspace (CS) is the quotient of Super-
space by 3-dimensional conformal transformations:

ḡ i j = φ 4 g i j , φ > 0; (1)

the fourth power of φ is for convenience. (The trans-
formed 3-scalar curvature R is then R̄ = φ−4R−8φ−5∇2φ
without additional terms quadratic in ∇φ; the preferred
power of φ is two in four dimensions.)

A conformal 3-geometry C is an equivalence class of
3-geometries. It includes infinitely many distributions of
the local scale

√
g (g is the determinant of gij). We treat

√
g as gauge, like the coordinates. The physical object is

C; it is a point in CS, or shape of the universe.
The possible perturbations of any C define in CS tan-

gent vectors. They are the ways in which the universe
can ‘move away’ from C. Consider in Riem two nearby
metrics gij and gij + εhij , with ε a small parameter. Any
symmetric tensor, in particular hij , has wrt gij a unique
decomposition

hij = hTT
ij +∇iλj +∇jλi +

1
3
hgij .

The tensor hTT
ij is transverse (∇jhTT

ij = 0) and traceless
(gijhTT

ij = 0), hence TT ; ∇iλj + ∇jλi is the change in
gij due to an infinitesimal change of coordinates, and the
final (trace) term is an infinitesimal conformal transfor-
mation. These last therefore merely change the represen-
tation of the C corresponding to gij . The perturbation
of C is hTT

ij . It is a tangent vector because its magni-
tude can be changed by a constant c without changing
its essential nature: if hTT

ij is TT , so is chTT
ij .

The TT tensors are conformally covariant. If hTT
ij is

TT wrt gij and ξ is any function, then ξ−2hTT
ij is TT

wrt ξ4gij . Thus (ξ4gij , ξ
−2hTT

ij ) represents the same C
and tangent vector as gij and hTT

ij . (The exponent −2 is
needed to maintain the transversality.)

We define shape dynamics as a theory in which a point
C0 in CS and any one of C0’s tangent vectors determine a
unique curve in CS. The initial data are thus a conformal
equivalence class (ξ4gij , ξ−2KTT

ij ).
We implement shape dynamics through an algorithm

that transforms freely specifiable input into a curve in
CS. We first present equations, giving their interpretation
and origin later; readers familiar with York’s method for
solving the initial-value problem in general relativity [5]
will recognize them.

The first step creates a pair (ĝij , K̂
TT
ij ). Given ĝij , the

solution of a vector Laplacian extracts from any symmet-
ric K̂ij its unique part K̂TT

ij that is TT wrt ĝij [6]. The



2

scale-free pair (ĝij , K̂
TT
ij ) provides shape-dynamic initial

data and is equivalent to any conformally related pair
(ḡij = ξ4ĝij , K̄TT

ij = ξ−2K̂TT
ij ). The initial data are

conformally covariant. Since each member of the pair
contains two free functions on M, shape dynamics has
formally 4∞ initial data.

The next step transforms any one such pair (ḡij , K̄TT
ij )

into a unique member of its equivalence class. One sub-
stitutes the pair into the elliptic equation

1
8
∇̄2φ− R̄φ + K̄ij

TT K̄TT
ij φ−7 − 2

3
K2φ5 = 0; (2)

R̄ is the 3-scalar curvature formed from ḡij (as is ∇̄),
and K is any nonzero constant, positive or negative.
Equation (2) always has a unique solution φ > 0 [7];
it serves as a conformal factor from the barred pair
to the uniquely determined pair (gij = φ4ḡij ,KTT

ij =
φ−2K̄TT

ij ). For fixed K, all equivalent initial pairs give
the same (gij ,K

TT
ij ), so the procedure is conformally co-

variant but its outcome breaks the symmetry: a definite
local scale factor emerges.

We now add K as trace to KTT
ij ,

Kij = KTT
ij +

1
3
Kgij , (3)

and solve (third step) the elliptic equation

∇2N −KijKijN = C (4)

for the function N ; C is some constant, conveniently
taken to be C = −1. Equation (4) has a unique solu-
tion; if C < 0, then N > 0 and vice versa.

We now evolve (gij ,Kij) wrt the time label t using

∂gij

∂t
= 2NKij +∇iNj +∇jNi (5)

and a further equation for ∂Kij/∂t that we can omit; in
both we may set the freely specifiable Nj to zero, but
must continuously update N(t, x) using Eq. (4).

We obtain a sequence of 3-metrics gij(t) in Riem and,
by projection, a curve C(t) of conformal 3-geometries in
CS, the shape-dynamic evolution of the initial data (C0

and its TT tensor). The curve is unique, first, because
the constant C is freely specifiable during the evolution
and merely fixes the t that labels the curve C(t) in CS.
Second, the value of K is specified only once and merely
sets a scale in Riem with no effect in CS.

In fact, K and the last remark are the key to our
paper. To show this, we relate our algorithm to the
generation of vacuum Einstein spacetimes when space
is compact without boundary. Then the field equations
Gµν = 0, µ, ν = 0, 1, 2, 3, require only initial conditions.
But the G0i = 0 contain only first time derivatives and
G00 = 0 none. The Gij = 0 alone determine accelera-
tions; the G0ν = 0 are constraints on the initial data.

To treat general relativity as a dynamical theory, we
must choose some spacelike foliation. The geometrical
objects on each slice are the 3-metric gij , and the extrin-
sic curvature Kij , essentially the ‘time’ derivative of the
3-metric. More precisely, expressing (5) differently,

Ln̂gij = 2Kij , (6)

where L is the Lie derivative and n̂ is the unit timelike
normal to the 3-slice. Here the constraints, which prevent
free specification of gij and Kij , present serious difficulty.
For an up-to-date and comprehensive account, see [9],
especially Chapter VII. Rewritten in 3+1 form using gij

and Kij , the constraints are

R−KijKij + K2 = 0, (7)

∇jK
j
i −∇iK = 0; (8)

the symbols match those already introduced.
Developing Lichnerowicz’s work [8], York [5] developed

a general method to find gij and Kij that satisfy (7) and
(8). One first obtains a K̄ij of the form (3) by the method
we outlined. It satisfies (8) and has constant trace. Then
(3) is substituted into (7) after conformal transformation
along with its ḡij into (φ4ḡij , φ

−2K̄ij). This leads to
the Lichnerowicz–York equation (2), whose solution for
φ yields initial data gij = φ4ḡij , Kij = φ−2K̄TT

ij + 1
3Kgij

that satisfy both constraints and can be propagated
by Einstein’s evolution equation (5) and its partner for
∂Kij/∂t. These are normally used with arbitrary N
(lapse) and Ni (shift). We keep Ni arbitrary but insist
on N satisfying the lapse-fixing equation (4).

We do so to obtain spacetimes in the special constant-
mean-(extrinsic)-curvature (CMC) foliation, for which K
is a time-dependent spatial constant. Such foliations,
which exist in essentially all closed-space scenarios, are
normally chosen for convenience, but we accord them fun-
damental significance. For if one seeks theories that, like
general relativity, have three-dimensional diffeomorphism
invariance but in which three-dimensional conformal in-
variance replaces foliation invariance (relative simultane-
ity), their variational principle (see [10, 11]) not only
leads to Einstein’s field equations but also York’s equa-
tions (2)–(3) and the lapse-fixing equation. Simultaneity
is uniquely defined.

To establish now the significance of K, we CMC-evolve
(as dictated by the shape-dynamic variational principle)
the pair (gij ,Kij), obtaining a (patch of) spacetime with
a 4-metric gµν . If we set the speed of light c = 1, we
have only one scale and can put it in the metric (see
e.g. [12]), making the coordinates dimensionless. We
now choose a 4-dimensional constant a and make a scale-
transformation g′µν = a2gµν (this has no relation to the
earlier conformal transformations). In the 3 + 1 repre-
sentation, we get

g′ij = a2gij , K ′
ij = aKij , K ′TT

ij = aKTT
ij , K =

K

a
. (9)
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The new metric still satisfies Einstein’s equations and the
slices are still CMC, but K picks up the factor a−1. The
value of K on the initial slice is therefore purely nominal
and can be set equal to the fiducial value 1.

There is thus a one-to-one correspondence between the
(ḡij , K̄

TT
ij ) equivalence classes and the physically distinct

CMC-foliated spacetimes they generate. The 4∞ initial
data all reside in CS; K is not an extra datum but part
of the algorithm that maps the conformal data to Ein-
stein spacetimes and, from them, back to curves in CS.
Spacetime is an auxiliary superstructure. There are two
different initial-data sets: the conformal data in the base
(CS) and the solutions to the constraints (7)–(8) in the
superstructure.

There are three symmetries: conformal covariance in
CS, spacetime covariance (with no conformal covariance),
and the scale covariance (9). The first is fundamental; it
characterizes the data, the true degrees of freedom, that
determine everything.

But the scale invariance (9) is also important for inter-
preting the CMC triad (gij , K

TT
ij ,K). York expressed the

current view succinctly [5]: ‘The picture of dynamics that
emerges is that of the time-dependent geometry of shape
(“transverse modes”) interacting with the changing scale
of space (“longitudinal mode”).’ Thus, the dimensionful
K, one global variable interacting with infinitely many
local dimensionless shape variables, represents the dy-
namical effect of scale.

In the light of the foregoing, we cannot interpret K as
a degree of freedom. It plays a different role. In a CMC-
foliated spacetime, any two leaves, labelled by t1 and t2,
have spatial volumes V (t1) and V (t2) and constant mean
curvatures K(t1) and K(t2). Under (9) these change,
but V (t2)/V (t1) and K(t2)/K(t1) do not. The difference
of V (t2)/V (t1) from unity is emergent expansion of the
universe. Further, whereas Einstein’s equations do not
enforce monotonicity of V they do for K, which is the
York time. To obtain from it a dimensionless time, we
set K = 1 at t = t0; then T = log (Kt/K0) increases
monotonically from 0 in the future direction defined by
N > 0. (To evolve in the time-reversed direction, we flip
the sign of K.)

To return to York’s remark, Newtonian particles do not
‘interact with time’ but with each other; shapes interact
with each other, not with K or T as well.

The (global) time T emerges because TT tensors are
not directions in CS but tangents to parametrized curves.
One could restrict the possibilities inherent in conformal
geometry by allowing only directions in CS to play a role;
this leads to a theory with an emergent constant volume
of the universe [10]. But the TT property is a deep group-
theoretical fact: any KTT

ij is a simultaneous irreducible
representation of the three-dimensional diffeomorphism
and conformal groups (by being respectively transverse
and traceless). It therefore appears natural to pass from
directions to tangent vectors. This requires K in the al-

gorithm, not to introduce actual scale but to bring all
4∞ shape degrees of freedom into play. The shift from
4∞− 1 initial data (as in [10]) to 4∞ leads to the ‘ex-
pansion of the universe’, while T emerges as the curve
parameter implicit in the notion of a tangent vector.

We have had to concentrate on K in order to show that
no vestige of scale plays a determinative role in the over-
all scheme. This should not deflect from the centrality
of the constraint (7). In the spacetime picture it reflects
all relativistic effects (foliation invariance); in shape dy-
namics, it leads to the emergence of the local scale factor√

g. (For further effects, see [13].) We emphasize that
the analogue of (7) in [10], in which only directions in
CS are dynamic, leads to local scale without ‘expansion
of the universe’. When K in the algorithm allows tangent
vectors to be dynamic, global expansion emerges too.

We see a strong case for regarding shape as the core of
general relativity and scale as mere gauge. The concep-
tual basis of shape dynamics is minimal, matches what
can actually be observed, and allows all the unquestion-
ably physical solutions of Einstein’s full theory while ex-
cluding many (such as those with closed timelike curves)
that seem clearly unphysical. Indeed, we considered only
vacuum solutions here, but matter, both fundamental
and phenomenological, can be included in York’s method,
as can open universes (by specifying spatial boundary
conditions) [15]. At the same time, our mathematical
framework is fully adequate to describe all cosmological
observations (e.g., red shift determinations are local com-
parisons of galactic and laboratory wavelengths). Finally,
we believe that shape dynamics removes the motivation
for [1–4].

We think shape dynamics could have consequences in
cosmology but that it would be premature to try to iden-
tify them here. In contrast, there are clear possibili-
ties in the quantum domain. The time at which wave-
function collapse occurs is ill defined in relativity; the
shape-dynamic simultaneity could bring interpretational
clarity. This is also true for the ‘problem of time’ in
canonical quantum gravity [14], which arises from the
ambiguity in the time evolution in Superspace if folia-
tion invariance (many-fingered time) is made inviolate.
Moreover, insistence on this has hitherto made it impos-
sible to identify the space on which the putative wave
function of the universe should be defined. In shape dy-
namics, the space must be Conformal Superspace.
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time in canonical quantization of relativistic systems,’ in
Ashtekar, A and Stachel, J (eds) Conceptual Problems of
Quantum Gravity (Boston, MA: Birkhäuser) (1991).
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