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Fluctuations



Limitations of semiclassical gravity: Gµ! = 8! !Tµ!"

Does not adequately describe fluctuations, for example a 
superposition of two classical mass distributions.



Stress tensor fluctuations:

No eigenstates of Tµ!

Stress tensor correlation function

Cµ!"#(x, x!) = !Tµ!(x)T"#(x!)" # !Tµ!(x)"!T"#(x!)"

(noise kernel)

Singular at coincident points: define as distributions

Subtle correlations and anticorrelations



Quantum Geometry Fluctuations

Active: Due to intrinsic fluctuations of gravity 

Passive: Due to quantum stress tensor fluctuations



Decomposition of               into fully normal 
ordered, cross, and vacuum terms

Cµ!"#

I. INTRODUCTION

As is well-known, the classical stress tensor, Tµ! , is both the source of the gravitational
field in general relativity theory, and the quantity which describes stresses on material
objects. In quantum field theory, the stress tensor becomes an operator whose expectation
value is formally infinite, and needs to be renormalized. In Minkowski spacetime, this is
usually accomplished by simply subtracting the vacuum expectation value, and replacing
the stress tensor operator by its normal-ordered version:

: Tµ! := Tµ! ! "Tµ!#0 , (1)

where " #0 denotes an expectation value in the Minkowski vacuum state. This amounts to
defining the zero of energy density to be at the vacuum level. This allows for states with local
negative energy densities, although the total energy must be non-negative, and the regions
of negative energy density are severely constrained by quantum inequalities [1]. In curved
spacetime, the renormalization of "Tµ!# is more complicated and involves renormalization of
the cosmological constant, Newton’s constant, and the coe!cients of counterterms quadratic
in the curvature.

Our concern will not be with issues of renormalization of "Tµ!# or with quantum violation
of classical energy conditions, but rather with fluctuations of the stress tensor operator about
its mean value. That there must be such fluctuations in all realizable quantum states follows
from the fact that these states are never eigenstates of the stress tensor operator.

The gravitational e"ects of stress tensor fluctuations have been discussed by several au-
thors in recent years [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. In this paper, we will discuss a selection
of topics relating to the basic character of stress tensor fluctuations, their role in creating
fluctuating forces on material bodies, and especially their role in gravitational physics.

II. THE STRESS TENSOR CORRELATION FUNCTION

The basic object which we will need to study in order to understand stress tensor fluctu-
ations, will be the correlation function,

Cµ!"#(x, x!) = "Tµ!(x) T"#(x!)# ! "Tµ!(x)#"T"#(x!)# . (2)

This object is independent of the choice of renormalization of "Tµ!#, as Cµ!"#(x, x!) is un-
changed if we shift the stress tensor by a c-number. It is, however, singular in the coincidence
limit x! $ x, even if "Tµ!# is finite. It is often useful to decompose the correlation function
into three parts with di"ering singularities. Here we consider only the case of Minkowski
spacetime, but an analogous decomposition may be defined in curved spacetimes.

The stress tensor for a free quantum field is a sum of terms, each quadratic in field
operators or derivatives of field operators. Consider the stress tensor for a bosonic field,
which is a sum of terms of the form T (x) =: !1(x)!2(x) : Now consider products of operators
of the form of T . It may be shown using Wick’s theorem that

T (x) T (x!) = S0 + S1 + S2 , (3)

where
S0 = "!1(x)!1(x

!)#0"!2(x)!2(x
!)#0 + "!1(x)!2(x

!)#0"!2(x)!1(x
!)#0 , (4)
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S1 =: !1(x)!1(x
!) : !!2(x)!2(x

!)"0+ : !1(x)!2(x
!) : !!2(x)!1(x

!)"0 +

: !2(x)!1(x
!) : !!1(x)!2(x

!)"0+ : !1(x)!2(x
!) : !!2(x)!1(x

!)"0 , (5)

and
S2 =: !1(x)!2(x)!1(x

!)!2(x
!) : . (6)

Thus the operator product T (x) T (x!) consists of a purely vacuum part S0, a fully normal-
ordered part S2, and a part S1 which is a cross term between the vacuum and normal-ordered
parts.

The same decomposition holds for the correlation function, which can be written as a
sum of normal-ordered, cross and vacuum terms:

Cµ!"#(x, x!) = Cµ!"#
NO (x, x!) + Cµ!"#

cross (x, x!) + Cµ!"#
vac (x, x!) . (7)

Here Cµ!"#
NO (x, x!) is state-dependent and finite as x! # x, the cross term is also state-

dependent and singular,

Cµ!"#
cross (x, x!) $

1

(x % x!)4
, (8)

and the vacuum term is state-independent and singular

Cµ!"#
vac (x, x!) $

1

(x % x!)8
. (9)

The singularities in the correlation function should not be a cause for concern, as physical
observables are integrals of the correlation function, and can be defined by an integration
by parts procedure. In this sense, Cµ!"#(x, x!) is well-defined as a distribution. To illustrate
the basic idea, consider the integral

! b

a

f(x)

(x % c)n
dx , (10)

where a < c < b. We may use the identity

1

(x % c)n
= (%1)n"1(n % 1)!

dn

dxn
ln(x % c) , (11)

to first rewrite the integrand, and then integrate by parts to obtain

! b

a

f(x)

(x % c)n
dx = %(n % 1)!

! b

a
f (n)(x) ln(x % c) dx + surface terms . (12)

The last integral contains only an integrable singularity, and the surface terms are evaluated
away from the singularity at x = c. Thus if the function f and its first n derivatives
are finite, then the integral is well defined. An alternative approach is to use dimensional
regularization, in which case the integrals of Cµ!"#(x, x!) are finite in the limit of four
spacetime dimensions [13].
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Then

Vacuum term

Cross term

Fully normal ordered term
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State dependent, 
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State dependent, 
singular

State independent, 
singular
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Define integrals of              
by integration by parts

Cµ!"#



Stress tensor fluctuations in states with negative energy

Tend to be large Kuo & LF

Implies that semiclassical gravity is not a good 
approximation in states with negative energy densities 



Electromagnetic analogy: electric field fluctuations near a 
perfectly reflecting plate

Stochastic Spacetime and Brownian Motion of Test Particles 1757

Fig. 2. The renormalized electric field correlation
functions near a perfectly reflecting mirror are plotted
as functions of the time separation ! for fixed distance
z from the mirror. The solid line gives the correlation
function for the longitudinal components, Cz, and the
dotted line that for the transverse component, Cx . The
dimensionless quantities Cz z4 and Cx z4 are plotted.
Both functions are singular at ! = 2 z.

Unlike a thermal state, a quantum state such as we are considering here is highly
correlated, with subtle correlations and anticorrelations.

It may come as a surprise that the integral of Cz vanishes, as this appears to
be a positive function. However, the singularity at ! = 2z effectively contributes
a negative contribution when the integral is defined by integration by parts. A
simple example of this is the following:

! !

"!

dx

x2
= "

! !

"!
dx

d

dx

"
1
x

#
= 0 . (13)

The apparently positive function 1/x2, when defined as a distribution, has a neg-
ative part at x = 0. We might be able to remove the singularities in Cx and Cz

by a more realistic model of the plate, such as one which includes dispersion and
surface roughness. However, if this were done, then Cz(! ) would become a finite
function with a negative region near ! = 2z. Similar behavior was found for the

Ci(t ! t!) = "Ei(t) Ei(t!)#

electric field correlation function:

!v2
i " =

q2

m2

! t0

0
dt

! t0

0
dt! Ci(t # t!) = constant

mean squared velocity of a particle of 
charge q and mass m:

Anticorrelations prevent !v2
i "

from growing in time.

Anticorrelations



Stress tensor correlations and anticorrelations in flat space
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t0

(T.  Roman and  LF)

C(t, t!) = !: Ttt(t) : : Ttt : (t!)" = energy density correlation function



Probability distribution for quantum stress tensor 
fluctuations

Must be a skewed, non-Guassian distribution

In general !(Tµ!)3" #= 0

Expect the probability distribution to have a 
lower cutoff

(Work in progress with Chris Fewster and Tom Roman)



Force fluctuations on material bodies

Casimir force fluctuations

Radiation pressure fluctuations

III. FLUCTUATIONS OF FORCES ON MATERIAL BODIES

Before turning to the main topic of this paper, it is informative to give a brief summary
of a closely related subject. Just as the classical stress tensor may be used, for example,
to compute electromagnetic forces on dielectric bodies, the quantum stress tensor describes
the quantum fluctuations in these forces. An example is the Casimir force, the mean value
of which is given by a suitably defined expectation value of !Tµ!". This force is expected
to undergo fluctuations around this mean value [14, 15, 16, 17]. However these fluctuations
are too small to be readily observable. For example, in Ref. [17], the fluctuations of the
Casimir-Polder force on a polarizable atom near a reflecting plate was calculated. It was
found that the atom undergoes Brownian motion in the sense that its mean squared velocity
shifts due to the presence of the plate. The transverse component shifts by

!!v2
x" =

47

768

h̄2 !2

"4m2z8
(13)

and the longitudinal component by

!!v2
z" = #

3787

3840

h̄2 !2

"4m2z8
. (14)

Here z is the distance to the plate, m is the mass of the atom, and ! is its static polarizability
in Lorentz-Heaviside units. The negative sign in the longitudinal component seems to imply
a reduction in the velocity dispersion of the wavepacket of a quantum particle localized near
the plate. Equations (13) and (14) represent a sum of a fully normal ordered (with respect
to the Minkowski vacuum) contribution, and a cross term. However, in both cases, the
dominant contribution is that of the cross term. The e"ective temperature associated with
transverse component is

Teff $ 10!1K
!

mH

m

"

#

10!8cm

z

$8 !

!

!H

"2

, (15)

where mH and !H are the mass and static polarizability of atomic hydrogen, respectively.
Although the e"ect is small, it might be observable if su#ciently small values of z could be
attained.

A second example of force fluctuation is the quantum fluctuation of radiation pressure.
This is expected to be a significant source of noise in future generations of laser interferometer
detectors of gravity waves. For the case of light in a coherent state, this e"ect was first
analyzed by Caves [18, 19], using an approach based upon fluctuation in photon numbers.
It was studied by the present authors [20] using the quantum stress tensor, where it was
shown that the radiation pressure fluctuations arise entirely from the cross term in the
correlation function. This follows from the fact that for a single mode coherent state |z",

!z| : Tµ!T"# : |z" = !z| : Tµ! : |z"!z| : T"# : |z" , (16)

and hence the fully normal ordered term vanishes, and the vacuum term is independent of
the state of the radiation field. If a free mirror of mass m is subjected to a laser beam
moving in the x-direction for a time # , then the variance in the mirror’s velocity is

!%v2" =
1

m2

% $

0
dt

% $

0
dt"

%

A
da

%

A
da"!Txx(x)Txx(x

")"cross . (17)
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EM field in a coherent state

Caves, Wu & LF

Only the cross term contributes to the 
mirror’s velocity fluctuations



S

Out

In

M

M

m

m

1

2

1

2

FIG. 1: A Michelson interferometer with several bounces in each arm. The di!erent illuminated

spots on each mirror have correlated radiation pressure fluctuation.

Here
!

A da denotes an integral over the area of the mirror. If the laser beam has linear
polarization in the y-direction, then it may be shown that

!Txx(x)Txx(x
!)"cross = !: Bz(x)Bz(x

!) :"!Bz(x)Bz(x
!)"0 , (18)

where !: Bz(x)Bz(x!) :" is a finite state-dependent factor, and !Bz(x)Bz(x!)"0 is the vacuum
magnetic field two-point function in the presence of the mirror. Although the latter function
is singular as x! # x, the integral in Eq. (17) is finite, and may be evaluated to find

!$v2" = 4
A!"

m2
# , (19)

where A is the mirror’s area, ! is the angular frequency of the laser beam, and " is the
energy density in the beam. This agrees with Caves’ [18, 19] result using photon number
fluctuations.

One remarkable aspect of the radiation pressure fluctuations is that the fluctuations
on di!erent bounces in an interferometer are correlated. A Michelson interferometer is
illustrated in Fig. 1. The laser beam is split and subsequently bounces b times in each arm,
illuminating b di!erent spots on each mirror in the process. If the pressure fluctuations at
each spot were uncorrelated, the variance in a mirror’s velocity would be proportional to
b2, whereas in fact it is proportional to b. In a photon number approach these correlations
come from the fact that an fluctuation in photon number in a wavepacket is preserved as
the packet bounces in the interferometer. In the stress tensor approach, the correlations of
di!erent spots in one arm are encoded in the vacuum two-point function, !Bz(x)Bz(x!)"0.
In the presence of mirrors, the usual lightcone singularity follows the path of the beam in
the interferometer.
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Result for mirror velocity fluctuations:

A =
m =
! =
! =
! =

mirror area

mirror mass

energy density of EM wave

frequency of EM wave

measurement time

Mirror undergoes 
Brownian motion



The vacuum part                  satisfies appropriate 
boundary conditions and enforces correlations 
between different bounces in an interferometer
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where A is the mirror’s area, ! is the angular frequency of the laser beam, and " is the
energy density in the beam. This agrees with Caves’ [18, 19] result using photon number
fluctuations.

One remarkable aspect of the radiation pressure fluctuations is that the fluctuations
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illustrated in Fig. 1. The laser beam is split and subsequently bounces b times in each arm,
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Fluctuations at different 
illuminated spots are 

correlated



Some physical effects of spacetime geometry fluctuations
Luminosity fluctuations of a source

Use the Raychuadhuri equation as Langevin equation

u! = 4-velocity of a congruence of timelike geodesics

! = u!
;! = expansion of the congruence

Raychaudhuri equation 

Rµ! = 8!(Tµ! !
1
2
gµ!T )

 Ordinary matter: focussing 

Exotic matter: defocussing



Line broadening and angular blurring of a source

= 4-momentum of a photon 
exchanged by two inertial observers
kµ

= observers’ 4-velocity

fractional redshift due to curvature:

tµ, vµ

!!("0)
!0

=
!(#2,"0)! !(#1,"0)

!0
= !vµ!kµ = vµ

! !2

!1

d#

! "0

0
d" Rµ

#$%k#t$k%

angular shift in the direction of sµ

!" = sµ!kµ =
!

da R!"µ#s!k"tµk# .



Effects of fluctuations on black holes

Fluctuations of the outgoing Hawking radiation

Effects of backreaction on black hole mass fluctuations

Horizon fluctuations: Do they alter the outgoing radiation?

Can horizon fluctuations lead to ‘mode regeneration’?

Wu & LF

Bekenstein, Hu & Roura

Svaiter & LF,  Thompson & LH

Barrabes, Frolov & Parentani

Possibly not

Possibly 



Effects of stress tensor fluctuations in the early universe 

Growth of expansion fluctuations during inflation
Wu, Ng & LF

Fluctuations of a conformally invariant field (EM) in deSitter 
space lead to growing fluctuations of the expansion on 

comoving geodesics

!(!!)2" # (inflationary expansion factor)2

Growth seems to be due to loss of anticorrelations



Expansion fluctuations lead to density fluctuations after 
inflation

Kinematic effect: differential redshifting after reheating

Dynamic effect: additional fluctuations in the inflaton field

Result of both is a non-Gaussian, non-scale invariant 
spectrum of perturbations proportional to the 

expansion factor during inflation

Constraint on the duration of inflation

inflationary expansion factor < 1045

!
1012 GeV

reheating energy

"3

Allows adequate inflation to solve horizon problem



Summary

Quantum stress tensor fluctuations lead to passive 
fluctuations of spacetime geometry 

They also lead to force fluctuations on material bodies
Radiation pressure fluctuations

Subtle correlations and anticorrelations

Effects on propagation of light rays

Line broadening, angular blurring, twinkling

Effects on black hole evaporation

Growth of fluctuations during inflation 


