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Expectation values



Ultraviolet divergences: Formal expectation 
value of stress tensor operators diverges.

Zero point energy:
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Usual approach in Minkowski spacetime: 
subtract the vacuum expectation value

Tµ! !: Tµ! := Tµ! " #0|Tµ! |0$

(normal ordering)



Zero point fluctuations still have physical effects:

Lamb shift

Spontaneous emission by atoms

Casimir effect





transmitted through this surface to the radiation dominated universe. The density variations
then arise from di!erential redshifting.

It is possible to obtain a stronger bound by examining the dynamics of the inflaton
field, !. The expansion " appears in the inflaton equation of motion, so that " fluctuations
create ! fluctuations. these are in addition to the intrinsic quantum fluctuations of !, which
are usually considered. In Ref. [33], it was shown that the the expansion induced density
perturbations are
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With the same choice of scale as above, we find

H |&0| < 1045
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This is considerably more restrictive than Eq. (57), but is still compatible with adequate
inflation to solve the horizon problem.

VIII. SUMMARY

We have seen that quantum stress tensor fluctuations can have several physical e!ects.
Because the stress tensor describes the forces which the electromagnetic field exerts on a ma-
terial body, stress tensor fluctuations result in e!ects such as Casimir force fluctuations and
radiation pressure fluctuations. These systems can be useful analog models for gravitational
field fluctuations and are potentially amenable to study in the laboratory.

A crucial feature of stress tensor fluctuations is the presence of subtle correlations and
anticorrelations. In flat spacetime, the anticorrelations often lead to the exact cancellation
of the e!ects of the fluctuations, as in the case illustrated in Eq. (24). However, in curved
spacetime these cancellations can be altered, as in the case of deSitter spacetime where the
variance of the expansion parameter " grows in time.

Quantum stress tensor fluctuations lead to passive fluctuations of the gravitational field,
which are in addition to the active fluctuations coming from the quantization of the gravi-
tational field itself. These fluctuations around a flat background are described by a metric
correlation function, which for the electromagnetic field in the vacuum state is given by
Eq. (28). In more general quantum states for the matter field, one can have various physical
phenomena produce by gravitational field fluctuations, These include e!ects on the propa-
gation of signals through the fluctuating background, such as luminosity fluctuations, line
broadening, and angular blurring of images. All of these e!ects can be described in terms of
integrals of the Riemann tensor correlation function, and for passive spacetime fluctuations,
in terms of the stress tensor correlation function. Although the stress tensor correlation
function is formally singular in the limit of coincident points, it is a well defined distribution
in the sense that its integrals can be evaluated using integration by parts.

Passive geometry fluctuations can play a role in both black hole evaporation and in the
early universe. We have seen how the e!ects of the fluctuations of the electromagnetic field
can cause the expansion of the comoving geodesics in an inflationary universe to undergo
growing fluctuations. These expansion fluctuations in turn lead to density perturbations in
the post-inflationary universe that are potentially observable. These perturbations have a
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Types of terms: (1) quadratic in curvature, (2) linear in 
second derivatives of curvature - 4th derivatives of metric









Terms not found in 
any counterterm





Backreaction in the Hawking efect

Negative flux 
enters the black 

hole

Positive flux at 
infinity

In the frame of an observer falling from rest at 
large distance

Tµ!

!!!
horizon

!M!4



Relation to the dark energy?

Observed value 

Predicted value with    
too large by   

Predicted value with    
too small by   

Predicted value with    
Just right    

! = !Planck

! = 1010 ly

! = 10!2 cm

10120

10!120

10!29 g/cm3
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Semiclassical theory of gravity

Gµ! = 8!!Tµ!"
Successes:

Provides the classical limit of quantum gravity

Describes the backreaction of quantum fields  
e.g. black hole evaporation

Limitations

Fourth order equation - stability problems

Fourth order equation - stability problems

Does not include effects of        fluctuationsTµ!



Summary

1)           can be defined by suitable regularization 
& renormalization

2) Result unique up to finite addition of counterterms  

3) Conformal symmetry broken (trace anomaly)   

4) Result of order     

5) Reasonable description of black hole evaporation     

6) Need for the Hadamard form: no IR divergences    

7) Semiclassical gravity theory    

!Tµ!"

!Tµ!" # !!4 (“vacuum” states)    


